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Abstract: In this note, following [1–3], we introduce and study various holographic systems
which can describe evaporating black holes. The systems we consider are boundary conformal
field theories for which the number of local degrees of freedom on the boundary (cbdy) is large
compared to the number of local degrees of freedom in the bulk CFT (cbulk). We consider
states where the boundary degrees of freedom on their own would describe an equilibrium
black hole, but the coupling to the bulk CFT degrees of freedom allows this black hole to
evaporate. The Page time for the black hole is controlled by the ratio cbdy/cbulk. Using
both holographic calculations and direct CFT calculations, we study the evolution of the
entanglement entropy for the subset of the radiation system (i.e. the bulk CFT) at a distance
d > a from the boundary. We find that the entanglement entropy for this subsystem increases
until time a + tPage and then undergoes a phase transition after which the entanglement
wedge of the radiation system includes the black hole interior. Remarkably, this occurs even
if the radiation system is initially at the same temperature as the black hole so that the two
are in thermal equilibrium. In this case, even though the black hole does not lose energy,
it “radiates” information through interaction with the radiation system until the radiation
system contains enough information to reconstruct the black hole interior.
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1 Introduction
Background
Within the context of holographic models of quantum gravity, the formation and evaporation
of black holes is a manifestly unitary process in the sense that the underlying quantum system
evolves through conventional Schro¨dinger evolution with a Hermitian Hamiltonian. However,
in the gravity picture, the physics of the black hole interior and the mechanism through which
information about the microstate of the black hole emerges in the Hawking radiation are still
not fully understood.
A crucial piece of physics to understand is the evolution of the density matrix for the black
hole radiation. Hawking’s original calculation [4] suggests that the entropy of this density
matrix continues to increase throughout the black hole’s evaporation. But unitary evolution
predicts that this entropy should begin decreasing at the “Page time” when the black hole’s
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(macroscopic) entropy has been reduced to half of its original value [5, 6] and the remaining
black hole becomes maximally entangled with the radiation system. The specific increasing
and then decreasing behavior of the entropy of the radiation system as a function of time
is known as the Page curve. Understanding how this curve comes about from the gravity
picture is a key challenge.
A further mystery appeared in the work [7–11], in which the authors argued that as-
suming a unitary picture of black hole evaporation leads to the conclusion that there cannot
be a smooth region of spacetime behind the horizon of an evaporating black hole past the
Page time. The argument was based on an apparent inconsistency between having maximal
entanglement between the black hole and its early Hawking radiation after the Page time
and having entanglement between field theory degrees of freedom on either side of the black
hole horizon, as required by smoothness. The proposed alternative is that the old black hole
develops a “firewall” at its horizon.
A fascinating suggestion [12] to avoid this firewall conclusion, making use of the general
idea that the connectivity of spacetime is related to quantum entanglement between under-
lying degrees of freedom [13, 14], is that the entanglement between the black hole and its
early radiation past the Page time is actually responsible for the existence of a smooth ge-
ometry behind the black hole horizon, in the same way that the entanglement between two
CFTs in the thermofield double state gives rise to a smooth wormhole geometry connecting
the two black hole exteriors.1 In this picture, the behind-the-horizon degrees of freedom are
the radiation degrees of freedom, so there is no contradiction that both are entangled with
outside-the-horizon modes of the black hole.
Very recently, a series of papers [1–3] have provided more detailed insight into how the
black hole radiation can be seen to have an entropy described by a Page curve yet avoid
the firewall paradox by the mechanism of [12] (see also [16]). The examples in these papers
make use of an auxiliary radiation system coupled to a system that would otherwise describe
an equilibrium black hole2. The new insights come by making use of the quantum version
[18, 19] of the Ryu-Takayanagi formula [20, 21], which gives the gravity interpretation of
entanglement entropies for subsystems of a holographic quantum system.3 Importantly, the
1It was suggested in [15] that this analogy could be made precise by coupling a holographic CFT to an
auxiliary “radiation” system consisting of another copy of the holographic CFT. In this case, an initial pure-
state black hole described by the first CFT would evolve to an entangled state of the two CFTs which could
be dual to a two-sided black hole. In this case, the radiation system manifestly describes the region behind
the horizon of the original black hole.
2See [17] for an early application of this idea.
3For a subsystem A of a holographic system, the quantum RT surface A˜ in the dual gravitational picture
is a bulk surface which encloses a region corresponding to A at the boundary of the dual spacetime and has
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Figure 1. Basic setup. A) Our thermal system, dual to a bulk black hole, is the red boundary. It
interacts with a bulk CFT which can serve as an auxiliary system to which the black hole can radiate.
B) Higher-dimensional bulk picture: the red surface is a dynamical ETW brane whose tension is
monotonically related to the number of local degrees of freedom in the boundary system. For large
tension, this ETW brane moves close to the boundary and behaves like a Randall-Sundrum Planck
brane. C) The Planck-brane picture suggests an effective lower-dimensional description where a part
of the CFT in the central region is replaced with a cutoff CFT coupled to gravity, similar to the setup
in [3].
prescription for calculating these entropies in the gravity picture requires the identification
of a “quantum extremal surface” on which the functional (1.1) is evaluated to calculate the
entanglement entropy. A central observation of [1–3] is that during the evaporation of a black
hole, the quantum extremal surface that computes the entanglement entropy of the radiation
system can jump, leading to a first-order transition in the entanglement entropy that provides
the necessary switch from increasing to decreasing behavior.
Further insights in [1–3] make use of the notion of the “entanglement wedge” of a sub-
system of a holographic system, which is the portion of the full spacetime that is dual to or
reconstructable from the density matrix for the subsystem, and is understood to be the bulk
region enclosed by the quantum extremal surface [22–28]. In the examples of [1–3], it is seen
that after the transition in the quantum extremal surface, the entanglement wedge of the
radiation system actually includes a portion of the black hole interior. Thus, the underlying
degrees of freedom for this interior region after the transition are understood to be the degrees
of freedom of the radiation system, in accord with the proposal of [12].
Summary and outline
In this paper, our first motivation is to further elucidate the observations of [1–3] by studying
the evolution of black holes in a new class of models where the evolution of entanglement
the minimum value of the functional
Sgrav(A) =
Area(A˜)
4G
+ Sbulk(ΣA) (1.1)
among extrema of this functional. Here Sbulk(ΣA) is the entanglement entropy of bulk fields in the bulk region
ΣA enclosed by A˜.
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entropy and the entanglement wedge can be studied very explicitly through direct holographic
calculations. Our models are similar to and motivated by the one in [3] in that they have
a holographic description in one higher dimension than the original black hole of interest,
and the full dynamics of entanglement entropy for the basic degrees of freedom is captured
geometrically through the behavior of classical HRT surfaces. However, our systems are
described somewhat more explicitly than the one in [3] and have an additional parameter
that controls the Page time for the black hole.
Our specific construction, described in section 2, starts with a d-dimensional holographic
system on Sd−1 in a high-energy state, or a thermofield double state with a second copy of
the holographic system. These holographically describe one-sided or two-sided black holes in
spacetimes that are asymptotically AdS if the theory that we start with is a CFT. The black
holes are in equilibrium with their Hawking radiation, which reflects off the boundary of the
spacetime. In order to have the black holes evaporate, we couple our holographic system to
an auxiliary system as in [1–3, 15, 17]. Our auxiliary system is a CFT in one higher dimension
living on a space whose boundary is Sd−1 (or two copies of this), such that our original degrees
of freedom provide boundary degrees of freedom for this higher-dimensional CFT. We can
take the higher-dimensional CFT to be holographic, such that the full system is a holographic
BCFT (or flows to one in the IR). We show in section 2 that the Page time for the black hole
is proportional to the ratio cbnd/cbulk of the local number of boundary degrees of freedom to
the local number of degrees of freedom in the bulk CFT. In the limit where cbnd is large and
cbulk is fixed, the Page time that we calculate from CFT considerations matches the Page
time obtained in the gravity picture in AdS with absorbing boundary conditions [29].
For our explicit calculations, we consider various states of the BCFT constructed via
Euclidean path integrals, so that the dual gravity geometries can be understood explicitly.
For these states, we will consider the computation of entanglement entropy for the auxiliary
system, considering a spatial region defined by the points at distance greater than a from
the boundary system. We calculate the entanglement entropy for this system as a function
of time and of the distance a. We perform the calculation holographically by finding the
HRT surface in a dual d+ 1-dimensional gravitational system. We make use of a bottom-up
holographic prescription for studying the dual BCFTs in which the CFT boundary extends
into the bulk as a dynamical end-of-the-world brane whose tension is directly related to cbnd.
We also reproduce the results of these holographic calculations through direct calculations in
our BCFT system, making use of standard assumptions about holographic CFTs.
As hoped, our calculations show a first order phase transition of the entanglement entropy
at the Page time after which the entropy of the radiation stops increasing; a sample result for
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Figure 2. Time at which the subsystem of the radiation system greater than some distance from the
BCFT boundary exhibits a transition in its entanglement entropy, for the case cbnd/cbulk ∼ 50. After
the transition, the entanglement wedge of this subset of the radiation system includes a portion of the
black hole interior. After a time equal to the Page time plus the light travel time from the boundary
to our subsystem, there is enough information in the subsystem to reconstruct part of the black hole.
the transition time is shown in figure (2). In the higher-dimensional gravity picture, we find
that after the transition, the entanglement wedge of the radiation system includes a portion
of the black hole interior.
A new qualitative result of the present paper is that the phase transition described in
the previous paragraph can occur even when the black hole is not evaporating, but simply
coupled to an open radiation system which is in thermal equilibrium with the black hole.
In this case, we find that while the energy density is static everywhere, the entanglement
entropy for subsets of the radiation system still shows interesting dynamics, increasing with
time until a phase transition after which it is constant. Again, the entanglement wedge of the
radiation system includes a portion of the black hole interior after the transition. This static
case is the focus of section 3.
In section 4, we consider more general states for which the initial radiation system is
not in equilibrium with the black hole and the energy density is time-dependent. These
more closely model evaporating black holes. Our detailed results are again in line with the
expectations of [1–3] and confirm some of the qualitative predictions of [3].
We end in section 5 with a discussion. There, we describe some directions for future work
and describe further holographic constructions of evaporating black hole systems. We also
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point out that the transition in extremal surfaces described in this paper and in [1–3] is closely
related to a similar transition [30] that can occur when looking at the entanglement entropy
for subsystems of a CFT on Sd in a high-energy state dual to a single-sided black hole. For
the CFT states described in [30], we can have a transition as the subsystem size is increased,
after which the entanglement wedge of the subsystem includes part of the geometry behind
the black hole horizon. Remarkably, in the case of 3D gravity, the CFT calculations that
exhibit this transition are precisely the same CFT calculations that show the entanglement
wedge transition in the present paper.
Note added: While this manuscript was in preparation, the paper [31] appeared, which
has some overlap with section 3 of this paper.
2 Basic setup
A schematic of our basic setup is shown in figure 1A. We imagine starting with a holographic
system on Sd−1 whose high-energy states or high-temperature thermal states describe black
holes in a dual gravitational picture. In these systems, the black hole is in equilibrium with
its Hawking radiation, which reflects off the boundary of the spacetime.
Next, following [1–3, 15] we augment our holographic model with additional degrees of
freedom which will serve as an auxiliary radiation system, allowing the black hole to evaporate.
As in [2, 3], our auxiliary degrees of freedom will take the form of a higher-dimensional CFT
living on a space with boundary Sd−1, such that the original system now serves as a set of
boundary degrees of freedom for the higher-dimensional CFT. We will denote by cbulk the
local number of bulk CFT degrees of freedom and by cbdy the local number of boundary
degrees of freedom. We have in mind that cbdy  cbulk  1. This will allow the full system
to be holographic, but as we show below, will give a parametrically large evaporation time.
Holographic models of this type can arise in string theory by considering branes ending
on other branes. For example, we can have a stack of n D3-branes in directions 0123 ending
on various D5 and NS5 branes at some locations in the 3 direction [32, 33]. The low energy
physics is N = 4 SYM theory on a half-space with some boundary conditions. We can have
an additional N D3-branes of finite extent in the 3 direction which are stretched between
some of the fivebranes. Without the original n D3-branes, these can give rise to a 3D CFT in
the infrared. In the full setup, this 3D CFT is coupled to the N = 4 theory at its boundary.
Here, in this setup, we have cbdy/cbulk = N
2/n2.
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Evaporation time in the CFT picture
Now, suppose we have some initial energy M in the boundary degrees of freedom such that
the energy corresponds to a temperature above the Hawking-Page transition for that system.
The relation between temperature, energy, and entropy is
E ∼ cbdyRd−1T d S ∼ cbdyRd−1T d−1 . (2.1)
If this system is coupled to a higher-dimensional CFT with cbulk local degrees of freedom, we
expect that the energy will be radiated away at a rate
dE
dt
∼ −ecbulkRd−1T d+1 (2.2)
where we are using a Boltzmann law, with emissivity e that presumably depends on the
nature of the coupling. The factor of cbulk can be understood from a weak-coupling picture
where we have cbulk light fields that can carry away the energy.
Using these results, we have that
dT
dt
= −eˆ cbulk
cbdy
T 2 , (2.3)
where eˆ is defined to absorb any numerical coefficients we are ignoring. Solving, we have
T =
1
1
T0
+ eˆ cbulkcbdy t
. (2.4)
The Page time is when half the (macroscopic) entropy of the black hole has been radiated.
This corresponds to a temperature
Tp =
1
2
1
d−1
T0 . (2.5)
Ignoring factors of order 1, we find that
tPage ∼ cbdy
cbulk
1
eˆT0
(2.6)
or
tPage/R ∼ 1
cbulkeˆ
c
1+ 1
d
bdy
(MR)
1
d
. (2.7)
Since the initial energy is of order cbdy, it is also illustrative to write MR = xcbdy, so that
tPage/R ∼ cbdy
cbulkeˆ
1
x
1
d
. (2.8)
We see that the Page time is proportional to
cbdy
cbulk
; we can make the black hole evaporation
take a long time by choosing cbdy  cbulk.
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Evaporation time for a black hole with absorbing boundary conditions
We can compare this to the calculation in [29] of Page (see also [34]), who considers perfectly
absorbing boundary conditions for a large black hole in AdS. Using those results, one finds a
Page time
tPage ∼
L
d+1− 2
d
AdS
G1+
1
d
1
M
1
d
(2.9)
where we have omitted some numerical factors. An energy of 1/R in the field theory cor-
responds to energy 1/LAdS on the gravity side, while field theory entropy cbdyR
d−1T d−1
corresponds on the gravity side to rd−1H /G = T
d−1L2d−2
G so we can relate
cbdyR
d−1 =
L2d−2
G
. (2.10)
Rewriting (2.9) in terms of field theory parameters, we get
tPage/R ∼
c
1+ 1
d
bdy
(MR)
1
d
(2.11)
Comparing with the expression (2.7) above, we see that the expressions have the same de-
pendence on cbdy and M ; to match the gravity calculation, should take cbulke to be of order
1, at least in terms of scaling with cbdy. In order that the full system is holographic, we want
to take cbdy  cbulk  1.
2.1 Holographic Duals of BCFTs
In this section, we briefly review the gravitational dual description of holographic BCFTs
and explain how the dual of a BCFT with large cbdy  cbulk can give rise to the physics of a
Planck brane whose geometry is the geometry of the black hole we are studying.
In their vacuum state, BCFTs preserve the conformal invariance of a CFT in one lower
dimension. Thus, the gravity dual of a d-dimensional CFT with boundary in its vacuum state
will generally correspond to a spacetime that is a warped product of AdSd with some internal
space, but which has an asyptotically AdSd+1 region with boundary geometry equal to the
half space. For various supersymmetric examples, gravitational dual solutions corresponding
to the vacuum state are known explicitly [35, 36]. For example, there is a family of half-
supersymmetric solutions to type IIB supergravity that correspond to the vacua of N =
4 SYM theory living on half-space with the various boundary conditions preserving half
supersymmetry (e.g. [37–40]).
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In general it is difficult to work with the fully microscopic examples and to find full
solutions of the ten or eleven-dimensional supergravity equations that would correspond to
various BCFT states. Thus, rather than employing this top-down approach, we will con-
sider bottom-up models of BCFT duals, introduced in [41–43]4. Here, the bulk dual of a
d-dimensional CFT with boundary is taken to be a d+ 1-dimensional gravitational theory on
a space which has a dynamical boundary extending from the CFT boundary into the bulk.
Just as we can consider various possibilities for the bulk gravitational effective action, we
can choose various terms for the boundary effective action. We expect that for appropriate
choices of the bulk and boundary effective actions, we can accurately capture the physics of
various holographic CFTs.5 In this paper, we consider the simple situation where the ETW
brane couples only to the bulk metric field; its action is taken to include a boundary cosmo-
logical constant (interpreted as the brane tension) and a Gibbons-Hawking term involving
the trace of the extrinsic curvature. The details of the action and equation of motion, and all
the solutions that we will require in this paper may be found in [30].
The work of [42] established a connection between the tension of the ETW brane and
the boundary entropy (or higher-dimensional generalizations), which can be understood as
a measure of the number of degrees of freedom associated with the boundary. One simple
calculation that indicates this relation is the holographic calculation of entanglement entropy
for a region of the BCFT that is the interior of a half-sphere centred on the boundary.
Holographically, this is computed via the area of an extremal surface anchored to the half-
sphere which extends into the bulk and ends on the ETW brane. For larger tension of the
ETW brane, this brane enters the bulk at a larger coordinate angle from the vertical in
Fefferman-Graham coordinates for the asymptotic region, as shown in figure 3. As a result
and the area of the extremal surface becomes larger, indicating a larger boundary entropy.
In our application, we would like to consider the case where the number of local boundary
degrees of freedom is large compared with the number of local bulk degrees of freedom. In
this case, there is an independent way to motivate the ETW brane picture. Since we are
considering the bulk CFT degrees of freedom to be much fewer than the boundary degrees
of freedom, we expect that in some sense, they act as a small perturbation. Over short time
scales (much shorter than the Page time), the physics of the boundary degrees of freedom
is not significantly affected by the bulk CFT degrees of freedom. We can think of the d-
dimensional geometry of the ETW brane as the usual holographic dual of the d−1-dimensional
4Note that other bottom-up constructions for the bulk dual of a BCFT have been proposed, e.g. [44].
5We note that in the top-down models, there is generally not an explicit ETW brane; instead, the spacetime
can “end” by a smooth degeneration of the internal space; the ETW brane in the bottom-up model models
this higher-dimensional behavior.
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Figure 3. An ETW brane with tension parameter T enters the bulk at coordinate angle Θ in
Fefferman-Graham coordinates. Larger T gives a larger angle Θ. Shown in blue is the RT surface
computing the entanglement entropy of the subsystem A which includes the boundary. The area to
the right of the dashed line proportional to the boundary entropy.
boundary system in its state at a particular time. The d+ 1-dimensional system dual to the
bulk CFT-degrees of freedom couples to this system, and this corresponds to adding in the
bulk d+ 1-dimensional geometry coupled to the d-dimensional brane. Over long time scales,
the bulk CFT degrees of freedom can have a significant impact (e.g. when the black hole
evaporates). Thus, over long time scales, the full geometry of the ETW brane can be affected
significantly by its coupling to the bulk gravity modes, so it is important to consider the full
d+ 1-dimensional system when understanding the long-time dynamics of the system.
The Randall-Sundrum Planck brane and the effective gravity picture
As we have reviewed above, a large number of boundary degrees of freedom corresponds to
a large tension for the ETW brane and in this case, the ETW brane enters the bulk at a
very large angle to the AdS boundary. For the case of a single sphere-topology boundary,
the resulting dual gravity solutions have ETW branes that stay close to the boundary in
some sense (e.g. they correspond to a cutoff surface in a complete AdS spacetime for which
light signals can propagate out to the AdS boundary and back in small proper time). In
this and similar cases, the ETW brane behaves as a “Planck brane” in the Randall-Sundrum
sense [45], cutting off a portion of the asymptotic region of the geometry so that this part
of the spacetime now terminates with a dynamical brane.6 This point of view suggests a
third description of the physics of our situation: from the CFT point of view, the addition
of a Planck brane to a region of the bulk corresponds to cutting off the CFT in some spatial
region and coupling to gravity in this region. The cutoff goes to infinity at the boundary of
the region. This picture corresponds to the “2D gravity with holographic matter” picture
of [3]. This latter picture most closely aligns with the model in [2]. The three pictures
are summarized in figure 1. Note that it is this last picture (figure 1C) where the coupling
6It is interesting that BCFTs can provide a microscopic realization of Randall-Sundrum models; this idea
manifested itself in a different way in the recent work [30, 46].
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Figure 4. a) BCFT path integral defining the thermofield double state of two 1+1 dimensional
BCFTs. b) Euclidean geometry dual to the BCFT thermofield double. The red surface is an ETW
brane. c) The same geometry represented as part of Euclidean Poincare´-AdS. d) Lorentzian geometry
of the original state, looking perpendicular to the boundary. Dashed lines represent horizons on the
ETW brane, corresponding to the horizons of the two-sided black hole represented by the boundary
system.
between the black hole system and the radiation system is strictly at the boundary of the
gravitational system.
3 Two-dimensional models: static case
In this section, we will consider a very simple system that already exhibits all of the key
features of the entanglement dynamics described in [1–3]. The system we consider is not an
evaporating black hole, but one where the auxiliary radiation system has the same initial
temperature as the black hole, so that the two systems are in equilibrium. The system we
look at has a static energy density (in a particular conformal frame), but the entanglement
entropy for various subsystems still evolves with time and the entanglement wedge exhibits
a phase transition similar to the ones discussed in [1–3].
Specifically, we consider a 1+1 dimensional BCFT which is in the thermofield double
state with a second copy of this system. This can be constructed via a path integral on a
quarter-cylinder y ≤ 0, 0 ≤ θ ≤ pi, where θ is the Euclidean time direction, and the boundary
of each CFT is at y = 0. This is shown in figure 4a.
To understand the gravity dual, we use the bottom-up prescription where the boundary
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system leads to a bulk ETW brane. For 1+1 dimensional CFTs, it is convenient to define
cbdy = 6 log g (3.1)
where log g is the usual boundary entropy. Then, defining
F =
cbdy
cbulk
, (3.2)
the tension parameter T (defined explicitly in [30]) for the ETW brane is related to F and to
the angle Θ in figure 3 by
T = tanhF = sin Θ . (3.3)
The dual Euclidean solution corresponding to our state is a portion of Euclidean AdS,
which we may describe using metric (setting LAdS = 1)
ds2 = (ρ2 + 1)dy2 +
dρ2
ρ2 + 1
+ ρ2dφ2 . (3.4)
The specific solution we need was already constructed in [30, 43]. The bulk Euclidean solution
terminates on an end-of-the-world (ETW) brane with locus
y(ρ) = −arcsinh
(
tan Θ√
ρ2 + 1
)
, (3.5)
where Θ is related to the brane tension and the number of boundary degrees of freedom by
(3.3). The Euclidean geometry is depicted in figure 4b. The Lorentzian geometry dual to our
state is obtained by taking the geometry of the φ = 0, pi slice of the Euclidean solution as our
initial data.
To analyze the extremal surfaces in the Lorentzian version of this geometry, it will be
convenient to change coordinates to Poincare´ coordinates, via the transformations
y = ln(r) ρ = tan(θ) (3.6)
which bring us to spherical Poincare´ coordinates and
z = r cos θ x = r sin θ cosφ τ = r sin θ sinφ . (3.7)
which bring us to the usual Cartesian Poincare´ coordinates in which the metric is
ds2 =
1
z2
(dz2 + dx2 + dτ2) . (3.8)
In these coordinates, the CFT boundary is at x2 +τ2 = 1, while the ETW brane is the surface
x2 + τ2 + (z + tan Θ)2 = sec2 Θ , (3.9)
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as shown in figure 4c. We obtain the Lorentzian solution by analytic continuation τ → it.
This gives
ds2 =
1
z2
(dz2 + dx2 − dt2) , (3.10)
CFT boundary at x2 − t2 = 1, and ETW brane at
x2 − t2 + (z + tan Θ)2 = sec2 Θ . (3.11)
This is shown in figure 4d.
Horizons on the ETW brane
Let’s now understand the causal structure of the ETW brane geometry to map out the
horizons of the black hole that it contains. Consider the ETW brane in the Lorentzian
picture, where it is described as the surface 3.11 in the metric 3.10. We would like to find
the future horizon for this surface, i.e. the boundary of the set of points from which it is
possible to reach the right ETW brane boundary on a lightlike curve. The lightlike curves on
the ETW brane satisfy
x(t)2 − t2 + (z(t) + tan Θ)2 = sec2 Θ (3.12)
and (
dx
dt
)2
+
(
dz
dt
)2
= 1 . (3.13)
We find that they are given by
x(t) = vt±
√
1− v2
cos Θ
z(t) = |
√
1− v2t± v sec Θ| − tan Θ (3.14)
for |v| < 1. The right and left boundaries of the ETW brane are described by x = ±√t2 + 1.
The future horizons are the lightlike curves that asymptotes to this for t → ∞. These are
the trajectories
x = ±t z = 1− sin Θ
cos Θ
. (3.15)
Thus, independent of Θ, we have horizons on the ETW brane located at x = ±t and these lie
at constant z. The black hole interior can be identified with the region |x| < t or alternatively
z > 1−sin Θcos Θ
Extremal surfaces
We would now like to investigate the HRT surfaces which calculate the entanglement entropy
associated with the spacetime region spacelike separated from the interval [−x0, x0] at t = 0
(equivalently, the union of intervals [±x0,±∞) at t = t0.
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In general, there are two possibilities for this HRT surface. First, we have the connected
surfaces described by the semicircle
t = t0 z
2 + x2 = x20 . (3.16)
We can also have disconnected surfaces that end on the ETW brane. We need to compare
the areas to find out which one is the minimal area extremal surface that computes the
entanglement entropy.
It will be somewhat simpler to perform our calculations in the Euclidean picture and then
analytically continue the results to the Lorentzian case. That is, we will look at geodesics
in the Euclidean geometry, evaluate their length and the length difference between the two
cases, and find the phase boundary for transitions between the two surfaces. The Lorentzian
version of all of these things can be obtained by analytic continuation.7
To find the areas, we note that the area of a geodesic semicircle of coordinate radius R
from the point z = R of maximum z to some zmin is
A(R, zmin) = arccoth
 1√
1− z2min
R2

=
1
2
ln
1 +
√
1− z2min/R2
1−
√
1− z2min/R2
 (3.17)
For zmin =  with infinitesimal , this reduces to ln(2R/).
From this, the area of the connected extremal surface is
Ac = ln
(
2x0

)
(3.18)
For the disconnected surface, each part is the arc of a circle which lies at constant θ,
intersecting the ETW brane orthogonally and intersecting one of the the points (±x0, τ0).8
This is shown in figure 5.
Using basic geometry (see figure 5), we find that the extremal surface has coordinate
radius
rH =
r2 − 1
2r
(3.19)
7We have checked that this matches with direct Lorentzian calculations.
8In the Lorentzian picture, the disconnected RT surfaces lie at constant x/t and are related by a boost to
the circle arc from the point (x =
√
x20 − t20, t = 0 to the ETW brane.
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Figure 5. Geometry of the ETW brane and half of the disconnected RT surface in the plane of the
RT surface. We have OQ = 1 and OA = tan Θ. Thus, AQ = AH = sec Θ. Also HB ⊥ AH so
AH2 +HB2 = OA2 +OB2. This gives rH = (r
2 − 1)/(2r). Now OM = OA tanα = tan Θ tanα and
AM = OA secα = tan Θ secα. So HM = HA−MA = sec Θ− tan Θ secα. Finally, HM/HB = tanα
gives rH = secΘ cotα− tan Θ cscα, while HP = HB sinα gives z = rH sinα. The boldface equations
allow us to express z and rH in terms of r.
and intersects the ETW brane at z coordinate
zc =
cos Θ
r2+1
r2−1 + sin Θ
(3.20)
where r2 = x20 + τ
2
0 .
From (3.17), we find that the area of the disconnected surface (including both parts) is
Ad = ln
(
r2 − 1

1 + sin Θ
cos Θ
)
(3.21)
The difference in areas between the two possible extremal surfaces is
Ad −Ac = ln
(
x20 + τ
2
0 − 1
2x0
1 + sin Θ
cos Θ
)
. (3.22)
From this, we see that there will be a transition when
τ20 +
(
x0 − 1− sin Θ
cos Θ
)2
=
2
1 + sin Θ
. (3.23)
In the Lorentzian picture, this gives the trajectory of the phase boundary as(
x0 − 1− sin Θ
cos Θ
)2
= t2 +
2
1 + sin Θ
. (3.24)
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We can now map back to the original conformal frame (corresponding to figure 4a) where the
energy density is time-independent.
Using the coordinate transformations
x = ey cosφ τ = ey sinφ (3.25)
we have that the phase boundary in Euclidean coordinates is
eF sinh y = cosφ . (3.26)
Here, φ is the Euclidean time, so in Lorentzian coordinates (where η is the time coordinate),
this phase boundary becomes
eF sinh y = cosh η . (3.27)
Finally, if we consider an interval [y0,∞) (together with the equivalent interval in the other
BCFT), we find that the entanglement wedge for this subsystem makes a transition to include
geometry behind the black hole horizon when
η = arccosh(eF sinh y0) ∼ F + y0 (3.28)
where the last relation holds for large y0 and F . Thus, for intervals that include most of the
radiation system (when y0 is some small order 1 number), we see a transition at the Page
time after which the black hole interior can be reconstructed from the radiation system. For
large y0 the time is increased by an amount which is the time taken for the radiation to reach
y0. The behavior of the transition time is shown in figure 2. In this frame, the entanglement
entropy is constant after the transition, since each part of the disconnected extremal surface
in this case is just a boosted version of the extremal surface for earlier times. Thus, the
entanglement entropy increases from the initial time and then remains constant after the
transition. Using the results above, the precise expression for the entropy as a function of
time is9
S =
{ cbulk
6 ln
(
2
 cosh η
)
η < arccosh(eF sinh y)
log g + cbulk6 ln
(
2
 sinh y0
)
η < arccosh(eF sinh y)
, (3.29)
so we have an approximately linear increase before the transition and a constant entropy
afterwards.
Let’s understand the physics of this phase transition in the behavior of the entanglement.
We have that the energy density in both BCFTs is completely time-independent. However,
the entanglement entropy for the union of regions x > x0 in the two CFTs increases with time,
9Here, we use that the cutoff surface ρ = 1/ maps to the cutoff surface z = r in the Poincare´ coordinates.
We use this cutoff surface in the equations (3.18) and (3.21) to calculate the entanglement entropies in the
original y-coordinates.
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then undergoes a first order phase transition after which it is constant. The entanglement
wedge initially does not include the black hole system, but after the transition includes a
portion of the interior of the black hole.
Thus, while everything is static from an energy point of view, the state is evolving in
such a way that information about the black hole interior eventually becomes accessible in
the auxiliary radiation system.
To understand this better, it is helpful to recall that for a free field theory in the ther-
mofield double state, each mode in one copy of the system is purified by the corresponding
mode in the other copy of the system. In our present case, we expect similarly that the
boundary system is initially purified to a large extent by the other copy of the boundary
system, while the bulk system is purified by the other copy of the bulk system.10 However, as
we evolve forward in time, the entanglement structure evolves, and the information initially
contained within the boundary system (describing our black hole initial state) leaks out into
the bulk degrees of freedom, eventually leading to the transition we observe.
3.1 Entanglement wedge after the transition
We would now like to understand where the boundary of the entanglement wedge lies on the
ETW brane after the transition.
Consider a point (x0, τ0) on the Euclidean transition surface (3.23). Just after the tran-
sition to a disconnected minimal area extremal surface, the part of the surface originating at
(x0, τ0) will end on the ETW brane at a point (xc, τc) = λ(x0, τ0). From figure 5 we see that
the distance rc =
√
x2c + τ
2
c from the origin for this point will satisfy
r = rc + rH +
√
r2H − z2c . (3.30)
This gives
rc =
2r
r2(1 + sin Θ) + (1− sin Θ) , (3.31)
so we have
λ =
rc
r
=
2
(x20 + τ
2
0 )(1 + sin Θ) + (1− sin Θ)
=
1
x0 cos Θ + 1
10Here, we are describing the situation relative to the vacuum case. Of course, there is always an infinite
entanglement entropy between the boundary system of one CFT and the bulk of that CFT.
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where we have used (3.23) in the last line. Thus, we have
xc =
x0
x0 cos Θ + 1
τc =
τ0
x0 cos Θ + 1
. (3.32)
Inverting these relations and plugging the resulting expressions for x0 and τ0 in (3.23), we
find that the points (xc, τc) lie on a curve
(1 + (1− sin Θ)2)x2c + 2 tan Θ(1− sin Θ)xc + τ2c = 1 . (3.33)
For the Lorentzian version of the problem, this becomes
(1 + (1− sin Θ)2)x2c + 2 tan Θ(1− sin Θ)xc = t2c + 1 . (3.34)
Note that x0 >
√
t20 + 1 > t0, so from 3.32, we see that we will also have xc > tc. Thus, while
the curve (3.34) crosses the horizon, the part beyond the horizon isn’t relevant to us. The
extremal surface always ends at a point on the brane that is outside the horizon.
Let’s now calculate the proper distance to the horizon from the intersection point (xc, tc, zc)
on the ETW brane. The ETW brane lies in the plane containing the origin and the point
(x0, t0) and extending directly inward in the z direction. In this plane, the geometry is as in
figure 5, where the outermost point is at distance r =
√
x20 − t20.
This is the proper distance along the blue curve in figure 5 from H to the top of the blue
arc, which lies at
zmax = sec Θ− tan Θ . (3.35)
The distance is
d =
∫ zmax
zc
dz
z
√
dz2 + dr2 (3.36)
Using
r2 + (z + tan θ)2 = sec2 θ , (3.37)
we find that the result is
d =
1
cos Θ
ln
(
r + 1
r − 1
)
. (3.38)
In the y0 coordinates and in terms of F, this is
d = cosh(F ) ln
(
1 + e−y0
1− e−y0
)
(3.39)
We see that for large y0 the location of the HRT surface intersection with the ETW brane
after the transition is very close to the horizon.
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Figure 6. The blue shaded region is the portion of the black hole interior that is included in the late-
time entanglement wedge of any subsystem |x| > a of the radiation system (for Poincare´ coordinates).
Finally, we can look at the trajectory of the intersection point as a function of time
after the transition. For the interval with left boundary y0 in the y-coordinates, the initial
intersection point is at
xc =
sec Θ
1 + 2
(1+sin Θ)(e2y0−1)
(3.40)
on the curve (3.34) and the later trajectory follows the curve
x2c − t2c = e2y0(1− xc cos Θ)2 . (3.41)
At late times, independent of y0, this approaches the point
x = t = sec Θ = cosh(F ) (3.42)
on the horizon.
The outgoing lightlike curve along the ETW brane from this point is x = t, while the
ingoing lightlike curve along the ETW brane from this point is simply x = sec Θ for all t
(using the result 3.14). We note that the corresponding lightlike curve x = − sec Θ on the
other side of the black hole does not intersect this curve, but the ingoing lightlike curve from
any closer point does intersect this curve. Thus, the points t = ±x = sec Θ are a distinguished
pair of points on the horizon for which the ingoing lightlike curves barely meet at the future
singularity. The late-time intersection between the entanglement wedge for the radiation
system and the black hole geometry is shown in figure 6.
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3.2 CFT calculation
The calculations of the previous section relied on holographic calculations of the entanglement
entropy in a bottom-up holographic model where the number of boundary degrees of freedom
on our BCFT is related to the tension of an ETW brane. While bottom-up models in
AdS/CFT are widely studied and known to produce qualitative results that agree with those
in systems that can be studied using a top-down approach, the bottom-up approach for
BCFTs is less well studied, and one might thus worry whether our holographic results correctly
capture the physics of genuine holographic CFTs.
In this section, we will attempt to alleviate these concerns by reproducing our results
for the entanglement entropies using direct CFT calculations, invoking standard assumptions
about the properties of holographic CFTs.
Recall that entanglement entropy can be calculated from Re´nyi entropies using the replica
trick:
SA = lim
n→1
S
(n)
A = limn→1
1
1− n log Tr[ρ
n
A].
The operator ρnA can be related to the partition function of the n-fold branched cover, or
replica manifold, of the original geometry. This, in turn, can be calculated for 2D CFTs
by introducing certain twist operators Φn at the entangling points of A [47]. The partition
function is given by a correlator of these twists. For A = [z1, z2] for instance, we have
Tr[ρnA] = 〈Φn(z1)Φ−n(z2)〉.
In holographic theories, these correlation functions are dominated by the identity block in
some channel. A change in dominance will lead to a phase transition in entanglement entropy.
In an ordinary two-dimensional holographic CFT, this exchange causes a sudden shift from the
disconnected to the connected entanglement wedge for two disjoint intervals. In a holographic
BCFT, this exchange can occur for a two-point correlator of twists, corresponding to the
entanglement entropy of a single interval. This is analogous to the four-point result in a CFT
since the two-point function in a BCFT has the same symmetries as the four-point function,
and can be evaluated using the method of images.
Consider a BCFT with boundary condition b on the upper half-plane (UHP), {=(z) ≥ 0}.
We can perform a global transformation to the complement of the disk of radius R via
w = R
(
1
z − i/2 − i
)
. (3.43)
For simplicity, we also define ϑ := w + iR. We then have
z =
R
ϑ
+
i
2
, =[z(w)] = |w|
2 −R2
2|ϑ|2 , w
′(z) = − 1
R
ϑ2. (3.44)
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Since we have performed a global transformation, the energy density vanishes:
〈T (w)〉 = c
12
{z;w} = c
12
z′′′z′ − (3/2)(z′′)2
(z′)2
= 0. (3.45)
Consider a two-point function of twist operators, Φn(w1),Φ−n(w2), introducing an n-fold
branched cover with branch cut from w1 to w2. The twists are primary by definition, so the
correlation function transforms as
〈Φn(w1)Φ−n(w2)〉D¯G = |w′(z1)w′(z1)|−dn〈Φn(z1)Φ−n(z2)〉UHP
=
∣∣∣∣ (ϑ1ϑ2)2R2
∣∣∣∣−dn 〈Φn(z(w1))Φ−n(z(w2))〉UHP. (3.46)
For holographic BCFTs, the correlator of twists on the UHP can be evaluated [48], using
vacuum block dominance and an appropriate sparsity condition on the density of states, in a
similar vein to [49]. Using this correlator and the replica trick, the entanglement entropy of
the interval A = (−∞, w1] ∪ [w2,∞) is calculated by
SA = lim
n→1
1
1− n log〈Φn(w1)Φ−n(w2)〉disk
=
c
6
[
2 log
∣∣∣∣ϑ1ϑ2R
∣∣∣∣+ min
{
12
c
gb + log
∣∣∣∣(|w1|2 −R2)(|w2|2 −R2)(ϑ1ϑ2˜)2
∣∣∣∣ , log ∣∣∣∣Rw12ϑ1ϑ2˜
∣∣∣∣2
}]
(3.47)
where gb := − log〈0|b〉 is the boundary entropy, and F is given by (3.2). We note the relations
eF =
1 + T√
1− T 2 =
1 + sin Θ
cos Θ
, 1− e−2F = 2 sin Θ
1 + sin Θ
, (3.48)
which we will use momentarily. Note that a UV regulator  in Poincare´ coordinates becomes
˜ = |w′1,2| after the global transformation z 7→ w [50]; the phase boundaries are unaffected.
We now specialize to the symmetric interval A at some fixed time =(w) = τ0, with
w1,2 = ±x0 + iτ0. Exponentiating (3.47), a phase transition occurs at(
x20 − e−FR
)2
+ τ20 = R
2(1− e−2F ) (3.49)
=⇒
(
x20 −
cos Θ
1 + sin Θ
R
)2
+ τ20 =
2R sin Θ
1 + sin Θ
, (3.50)
using (3.48). In Lorentzian signature, τ20 → −t20, and we obtain(
x20 −
cos Θ
1 + sin Θ
R
)2
= t20 +
2R sin Θ
1 + sin Θ
. (3.51)
These phase boundaries precisely match (3.23) and (3.24) for R = 1.
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Figure 7. Replica calculation of entanglement entropy.
3.3 Holographic replica calculation
It is interesting to consider a replica version of the same calculation.11 In calculating the
entanglement entropy, we want to evaluate the Renyi entropies by calculating the BCFT
partition function on a replica manifold obtained by gluing n copies of the Euclidean space
shown in figure 7 across the cut. The topology of the replica manifold is a sphere with n
boundaries, as shown in the second figure. Considering a larger and smaller portion of the
radiation system corresponds to enlarging or shrinking the size of the boundaries relative to
the size of the sphere.
Now we can consider performing this path-integral calculation holographically, using the
bottom-up approach where the boundaries extend into the bulk as ETW branes. In the case
of a smaller portion of the radiation system, the holes in the second picture will be small,
and we will have a set of disconnected ETW branes of disk topology that “cap off” the
boundary holes. On the other hand, as we consider a larger portion of the radiation system,
the circles become large in the second picture, and we expect that the dominant saddle in the
gravitational calculation will correspond to the topology shown in the picture on the right
where we have a single connected ETW brane with multiple boundary components.
It seems immediately plausible that the transition to this new bulk topology is directly
related to the transition of HRT surfaces in our original calculation, since the two calculations
must agree. However, it also appears at first slightly confusing: the CFT calculation correctly
reproduces the disconnected bulk HRT surface from the disconnected contribution to the
twist correlation function alone, while this bulk saddle is a complicated connected geometry
involving both twist operators. To align the CFT and bulk pictures, note that the same
11The observations of this section relating the entanglement wedge phase transition and the appearance
of connected boundary saddles were directly inspired by similar observations in the JT-gravity context [51];
related obnservations were made independently by [52].
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Figure 8. BCFT models for single-sided black holes.
issue appears when calculating the entanglement entropy of two (or multiple) intervals in
the vacuum of a 2D CFT [49]. There, the higher Renyi entropies are also computed by
a connected bulk geometry [53], but the entanglement entropy is a sum of disconnected
contributions. This is consistent because the semi-classical Virasoro block describing the
connected geometry reduces to the identity exchange in the limit n→ 1. Despite the slightly
different setting, the same ideas and kinematics describe the BCFT Renyi calculation [48].
Thus, taking into account the second HRT surface that correctly sees the decreasing
branch of entanglement entropy corresponds in the gravity version of the replica calculation
to including non-trivial topologies. Had we stuck with the original topology (as we would
do if treating gravity perturbatively) it seems that we would get an answer which misses the
transition, and is perhaps more akin to Hawking’s original calculation.
4 2D evaporating and single sided examples
In this section, we continue focusing on two-dimensional models, but generalize the simple
example of the previous section to a case where we have a pure state of a single-sided black
hole, and to cases with a dynamical energy density (as in the example of [3]) that more closely
models the physics of a genuine evaporating black hole.12
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4.1 Single-sided case
It is straightforward to come up with BCFT examples of single-sided black holes. For example,
the first picture in figure 8 shows a path-integral defining the state of a BCFT with some
boundary system (fat red line) with many degrees of freedom. Here, instead of evolving the
full BCFT from τ = −∞ to define the vacuum state of this system, we only evolve the
boundary system from some finite past Euclidean time, as for the SYK states in [54]. For
prior Euclidean times, we have a different boundary condition (thin red line) that we take to
be associated with a small number of boundary degrees of freedom. At the transition between
these two boundaries we have an appropriate boundary condition changing operator.
This construction should place the boundary system in a high-energy state, while the bulk
CFT degrees of freedom should be in a lower-energy state (through they are also affected by
the change of boundary conditions in the Euclidean past). In this case, the dual gravity solu-
tion will involve ETW branes with different tensions, and a codimension-two brane associated
with the boundary-condition changing operator.
It would be interesting to analyze this example in detail. For now, we point out that we
can understand the physics of a very similar example using the results of the previous section.
The second picture in figure (8) shows almost the same setup, but with a different geometry
for the path-integral. This picture is similar to a Z2 identification of our setup from the
previous section. If we choose the lower boundary condition to correspond to a T = 0 ETW
brane in the bulk and we choose the boundary-condition changing operator appropriately
(so that the equation of motion at the codimension-two brane gives a constraint that the
two-types of ETW branes should meet orthogonally), then the dual geometry for this setup
will be precisely a Z2 identification of the bulk geometries from the previous section, with
a zero-tension ETW brane at the Z2 fixed point. In this case, all of our calculations and
qualitative conclusions go through almost unchanged. The only significant difference is that
the connected RT surface from the previous section is now replaced by its Z2 identification,
which ends on the T = 0 brane.
12Of course, there are many examples that we can obtain from the previous case via local conformal trans-
formations which would have non-trivial evolution of the energy density and may look more like an evaporating
black hole. However, in this section, we focus on examples that are not conformally related to the one in the
previous section.
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Figure 9. 2D model for an evaporating black hole.
4.2 Dynamical case
We can also modify our two-sided example in order to introduce time evolution of the energy
density more characteristic of an evaporating black hole. We would like to have a situation
where our auxiliary system starts out in a state that is closer to the vacuum state, so that
the energy in the initial black hole state will radiate into this system.
A simple construction (similar to that discussed in [3]) is shown in figure 9. The left
picture shows a state of four quantum systems. The outer systems are BCFTs with some
boundary condition (denoted by a dark red boundary) that we imagine has a small boundary
entropy. The path integrals shown place these systems into their vacuum state. The remaining
part of the path integral constructs a thermofield double state of two systems, each of which
is a BCFT living on a small interval with different boundary conditions on the two ends. The
dark red boundary condition is the same as before, but the semicircular boundary (shown
bright red) corresponds to a boundary system with many degrees of freedom as in the example
of the previous section.
In order to make the two-sided black hole evaporate, we consider a modified system where
we glue the systems together as shown on the right side of figure (9). In the final path integral,
shown on the right, we are describing a state of the same system that we considered in the
earlier part of this section. However, since our Euclidean path integral is in some sense a
small modification of the picture on the left, we expect that far away from the black hole, the
local physics of the reservoir system will be similar to the vacuum. In this case, the energy
in the (bright red) boundary degrees of freedom will gradually leak out into the reservoir
system. The dual gravitational picture will be that of an evaporating black hole.
In studying the dual system explicitly using the bottom-up approach, we will now have
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two types of branes, one with a larger tension corresponding to the blue boundary condition,
and one with a smaller tension corresponding to the drak red boundary condition. The
latter is what [3] refer to as the Cardy brane. We expect that the behavior of this system
should match the qualitative picture described in [3], but now it should be possible to study
everything quantitatively. Since the branes only couple to the metric and we are in three
dimensions, the local geometry of the holographic dual will be that of AdS, and the dynamics
of the system will be reflected in the trajectories of the ETW branes.
Phase Boundaries on the Annulus
In order to study situations like the previous section, we can apply the methods of [50, 55]
who were making use of a similar Euclidean setup (without the middle boundary) to study
local quenches in a holographic CFT. For any specific shape of the boundaries in (9), it is
possible to map the doubled picture describing the full CFT path integral conformally to an
annulus, where the circular boundary maps to the inner edge of the annulus and the other
boundaries (shown in dark red) together map to the outer boundary of the annulus. We can
also map the annulus to a finite cylinder, so we see that the physics will be related to the
physics of the thermofield double state of a pair of CFTs on a finite interval with different
boundary conditions on the two ends.
We can again start with the global AdS metric (3.4) in which we know the ETW tra-
jectories explicitly. Here, though, we consider a finite segment of the boundary cylinder,
with a boundary condition corresponding to tension T at y = −L and a boundary condition
corresponding to tension T = 0 (or some other tension) at y = 0. Changing to Poincare´
coordinates as in Section 3, the CFT region becomes an annulus with inner radius R = e−L
and outer radius 1, centred at the origin. Also as in that section, the location of the ETW
brane corresponding to the inner boundary is
x2 + τ2 + (z +R tan Θ)2 = R2 sec2 Θ , Θ = arcsin(T ) , (4.1)
while that corresponding to the outer boundary is
x2 + τ2 + z2 = 1 . (4.2)
For sufficiently large L, the two BCFT boundaries are far apart and the phase boundaries for
the transition between connected and disconnected HRT surfaces are those found previously
for the case of a single boundary; the phase boundary for the transition between a connected
surface and a disconnected surface ending on the inner ETW brane has locus(
x− R(1− sin Θ)
cos Θ
)2
+ τ2 =
2R2
1 + sin Θ
, (4.3)
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while that for the outer ETW brane is
(x+ 1)2 + τ2 = 2 . (4.4)
(These are the phase boundaries in the region x > 0; the x < 0 phase boundaries are given
by symmetry about τ = 0.) As L is decreased to some critical value
Lc ≡ − ln
( (−1 +√2) cos Θ
(1− sin Θ) +√2(1− sin Θ)
)
, (4.5)
the phase boundaries will osculate within the annulus at τ = 0; for smaller L, a direct
transition between disconnected HRT surfaces ending on the higher tension brane and surfaces
ending on the lower tension brane can occur (see Figure 10). The phase boundary between
these disconnected phases is given by
x2 + τ2 = R
((1− sin Θ) +R cos Θ
R(1− sin Θ) + cos Θ
)
≡ `2 . (4.6)
We can now map to a new conformal frame with the desired dynamical Cardy brane; the
phase boundaries should simply be pushed forward using the appropriate conformal trans-
formation, then analytically continued to Lorentzian signature. Note [55] that, starting from
Poincare´ coordinates
ds2 =
dη2 + dζdζ¯
η2
(4.7)
a map ζ = f(w) corresponds to a coordinate transformation
ζ = f(w)− 2z
2(f ′)2(f¯ ′′)
4|f ′|2 + z2|f ′′|2
η =
4z|f ′|3
4|f ′|2 + z2|f ′′|2
in the dual asymptotically AdS geometry, which gives a metric
ds2 =
1
z2
(
dz2 + dwdw¯ + z2(T (w)dw2 + T¯ (w¯)dw¯2) + z4T (w)T¯ (w¯)dwdw¯
)
(4.8)
where the holographic stress tensors (corresponding to the stress tensors in the CFT state)
are given by
T (w) =
3(f ′′)2 − 2f ′f ′′′
4(f ′)2
T¯ (w¯) =
3(f¯ ′′)2 − 2f¯ ′f¯ ′′′
4(f¯ ′)2
. (4.9)
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Figure 10. Phase diagram for annulus with supercritical and subcritical L respectively.
Figure 11. Example path-integral geometry generating a BCFT state corresponding to a two-sided
black hole system with dynamical energy density.
Conformal mapping
As a specific example, we can take the “single joining quench” geometry of [55] and add to
it another boundary centered at the origin; this second boundary is taken to be the image of
the inner boundary of the annulus under the conformal transformation
w(ζ) =
2ζ
1− ζ2 , (4.10)
which takes us from the unit disk (with complex coordinate ζ = x+ iτ) to the single joining
quench geometry (with coordinate w = xˆ + iτˆ). An example of the resulting path-integral
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geometry is shown in figure 11.
We note a few important features of such a map. Firstly, the symmetry x→ −x translates
to a symmetry xˆ → −xˆ, and likewise symmetry τ → −τ translates to symmetry τˆ → −τˆ .
Secondly, the outer annular boundary |ζ| = 1 maps to the intersection of the slits i[1,∞) and
−i[1,∞), while the inner boundary maps to
xˆ2 + τˆ2 =
1
2 cosh2(L)
(
1 +
√
1 +
4xˆ2
tanh2(L)
)
. (4.11)
Finally, we note that the energy density with respect to Euclidean time τˆ is defined by
T (w) + T¯ (w¯) =
3
4(1 + w2)2
+
3
4(1 + w¯2)2
=
3
2
( τˆ4 − 2(3xˆ2 + 1)τˆ2 + (xˆ2 + 1)2
((1 + xˆ2 − τˆ2)2 + 4xˆ2τˆ2)2
)
; (4.12)
the Lorentzian analogue decays as we move away from the boundary which represents the
black hole.
In the new coordinates, the phase boundary between connected HRT surfaces and dis-
connected surfaces ending on the outer ETW brane is xˆ2 + τˆ2 = 1, while the phase boundary
between connected surfaces and disconnected surfaces ending on the inner ETW brane is(
α(xˆ2 + τˆ2)− βxˆ− sin Θ
)2
= (xˆ2 + τˆ2 + 1)2 − 4τˆ2 , (4.13)
with
α =
(1 +R2)2(1 + sin Θ)− 4R2
4R2
= cosh2(L)(1 + sin Θ)− 1
β =
(1 +R2)
R
cos Θ = 2 cosh(L) cos Θ .
(4.14)
If a transition between the two disconnected phases is present, the phase boundary has locus
xˆ2 + τˆ2 =
2`2
(1 + `2)2
(
1 +
√
1 +
4xˆ2(1 + `2)2
(1− `2)2
)
(4.15)
See Figure 12. We can analytically continue tˆ = −iτˆ to determine the BCFT boundaries and
phase boundaries in Lorentzian signature. For L > Lc, the phase boundaries now meet at
the point
xˆ0 =
α− sin Θ
2 + β
, tˆ0 =
√
xˆ20 − 1 . (4.16)
For |tˆ| < tˆ0 we have three distinct phases, while for |tˆ| > tˆ0 we just have the two disconnected
phases. For L < Lc, we just have the two disconnected phases (see Figure 13).
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Figure 12. Phase diagram for Euclidean modified (two boundary) single joining quench geometry
with supercritical and subcritical L respectively.
Figure 13. Phase diagram for Lorentzian modified (two boundary) single joining quench geometry
with supercritical and subcritical L respectively.
One can now determine the time-dependence of the entanglement entropy along any
desired trajectory. Recall from previous sections that, on the annulus, the HRT surfaces
for symmetrically situated intervals (with inner endpoints (±x, τ)) are circular arcs, and the
corresponding entanglement entropy is given by
S(x, τ) =

ln
(
2x
˜(x,τ)
)
, connected
ln
(
(x2+τ2−R2)(1+sin Θ)
˜(x,τ)R cos Θ
)
, disconnected T > 0
ln
(
1−x2−τ2
˜(x,τ)
)
, disconnected T = 0 ,
(4.17)
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where we have recalled [50] that the UV regulator  in the physical setup requires a position
dependent regulator ˜(x, τ) = |ζ ′(w)| in the annular setup. It is a simple matter to apply
the appropriate conformal transformation and Wick rotate to Lorentzian signature, whence
we recover the expression for the entanglement entropy of symmetrically situated intervals in
the Lorentzian modified local quench geometry.
5 Discussion
In this section we present a few additional observations and some directions for future work.
5.1 A connection to behind-the-horizon physics of black hole microstates
There is an interesting connection between the transitions in entanglement entropy that we
have observed in this paper and another type of transition for entanglement entropy pointed
out in [30]. In that paper, the authors (including some of the present authors) considered
black hole microstates for a holographic CFT on Sd defined via a Euclidean path-integral
on a finite cylinder, with a boundary at time τ0 in the Euclidean past. This corresponds to
the evolution of a boundary state |B〉 by Euclidean time τ0. In the 2D CFT case for small
enough τ0, this state corresponds to a single-sided black hole at temperature 4/τ0, with a
time-dependent ETW brane behind the horizon providing an inner boundary for the black
hole.
For these states, the entanglement entropy for an interval can exhibit a phase transition
as the interval size is increased, such that after the transition, the entanglement wedge of the
interval includes a region behind the black hole horizon (terminating on the ETW brane).
This is somewhat reminiscent of the entanglement wedge transition discussed in this paper,
but it turns out that there is a precise connection between the two.
If we unwrap the circle on which the CFT lives, we obtain a planar black hole dual (above
the Hawking-Page transition [56]) to the global quench geometry [57]. The holographic results
for entanglement entropy in this situation are the same as in the compact case, since the
gravity dual for the compact case is just a periodic identification of the gravity dual for the
non-compact case.
The CFT calculation of entanglement entropy in the non-compact case is carried out
via a correlation function of twist operators on an infinite strip. But a local conformal
transformation maps this calculation to exactly the CFT calculation in section 3.2 used to
deduce the phase transition in this paper.
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Figure 14. BTZ black hole microstates have the same brane profile and hence entanglement entropy
as the planar black hole dual to a global quench. The quench geometry is obtained from a local
conformal transformation of the excised disk, so the transition in entanglement entropy for the static
case described above, and the BTZ microstates in [30], are controlled by the same CFT correlator.
We visual this connection in figure 14. In the single-sided microstates, there is a transition
in the extremal surfaces as the boundary region is increased (blue and green regions in figure
14). In the CFT, this can be calculated by a correlator of twists in the large-c limit and
simple spectral constraints [48]. Remarkably, this is essentially the same correlator governing
the transition in entanglement wedge, as a function of subsystem size, as the static 2D case
described in section 3.
5.2 CFT constructions for duals of higher-dimensional evaporating black holes
In future work, it would be interesting to study explicitly some higher-dimensional analogues
of the constructions considered in this paper. We describe a few specific constructions in this
final section. For these higher-dimensional examples, a detailed study will likely require some
numerics as the bulk geometry will no longer be locally AdS. However, as the geometries
depend on only two variables, such a study should be quite feasible.
BCFT microstate construction
Figure 15 shows on the left a Euclidean path integral for a high-energy CFT state obtained by
placing some boundary conditions in the Euclidean past (at the red sphere). This corresponds
to a black hole with some time-dependent behind-the-horizon physics, as described in [30].
We have in mind that the red boundary corresponds to a boundary condition with a large
boundary entropy, so that the holographic description involves a brane with large tension.
Now we couple this system to a bulk CFT as shown on the right. Here, we need to intro-
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Figure 15. Higher dimensional construction based on BCFT microstates
duce an additional boundary component (shown in green) into the Euclidean path integral.
Two possible choices for the topology of this boundary component are shown. We have in
mind that this boundary has a small boundary entropy, perhaps corresponding to a T = 0
brane. This setup is the precise higher-dimensional analog of the single-sided setup of section
4.1.
In the dual holographic theory, using the bottom-up approach, we will have a bulk d+ 1-
dimensional gravity action, but also two different types of d-dimensional ETW branes cor-
responding to the two different boundary conditions. Finally, there will be another d − 1
dimensional brane that serves as the interface between the two types of d-dimensional branes.
This can have its own tension parameter independent of the others.
Vaidya-type construction
Another interesting case makes use of the setup of [58]. Figure 16 shows on the left a Euclidean
path integral for a CFT state dual to a shell of matter that collapses to form a black hole. We
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Figure 16. Higher-dimensional construction based on CFT-Vaidya states.
have insertions of many operators at some small time in the Euclidean past. Alternatively,
we could consider a smooth source for some operator, again localized around some particular
time τ = −. We can take a limit where τ → 0 but the sources/insertions are chosen such
that we end up with a finite energy state.
Now we couple this system to a bulk CFT as shown on the right. Without the sources,
this path-integral would give the vacuum state of the BCFT. We expect that the sources
mainly excite boundary degrees of freedom, so the bulk part of the CFT is still nearly in the
vacuum state. In this case, we expect that the state is dual to a shell that collapses to form
a black hole but then evaporates.
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